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Introduction

Hyperstructures have many applications in several
sectors of both pure and applied parts of mathematics by Jun
(1999; 2001). A good reference for the theory of hyper-
structures and its applications to Mathematics and Computer
Science can be found in Torkzadeh and Zahedi (2006); Dejen
(2020). Jun and Zahedi (2000) applied the hyperstructures to
BCK-algebras and the concept of hyper BCK-algebras which
is a generalization of BCK-algebras and investigated some
related properties.

Akefe Radfar, Akbar Rezaei, and Arsham Borumand Saeid
(Radfar et al., 2014) discussed hyper BE algebra and some related
concepts (Sh. Ghorbani and Eslami, 2008) applied the
hyperstructures to KU-algebras. Neggers et al. (1999); Mostafa et al.
(2017) discussed the notion of d-algebras as a generalization of
BCK-algebra and investigated several relations between d-
algebras and BCK-algebras as well as several other relations
between d-algebras and oriented digraphs. Gerima (2022)
introduced the concepts of fuzzy dot d-sub algebras and fuzzy
dot d-ideals of a d-algebra. The product of fuzzy dot d-ideals and
strong fuzzy relation and the corresponding strong fuzzy dot d-
ideal was discussed. Neggers et al. (1999) discussed the
concepts of a fuzzy dot hyper K-subalgebra, a fuzzy dot hyper
K-ideal with some other properties.

In this study, we introduce the concepts of Hyper d-Algebra
and some related properties of Hyper d-Algebra.

Materials and Methods

In this section some basic definitions and basic examples
that help to clarify the new concepts are included. We used the
methods introduced in d-algebra and hyper BCK-algebras.

Definition 2.1 (Neggers et al., 1999) A d-algebra is a non-
empty set X with a constant 0 and a binary operation * satisfying
the following axioms:

x*x=0 ()

0xx=0 2)
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x*y=0and y*x=0Implythat x =y, forx, yin X 3)

Example 2.2. Let X= {0, a, b, c} be a set. Then the operation
*on X is defined by Table 1.

Clearly (X, =, 0) is a d-algebra.

Definition 2.3 (Mostafa et al., 2017) Let (X, *, 0) be a d-
algebra @+ I < X then:

1. |is called a d-sub algebra of X if xxy € I whenever
XElandyel
2. liscalled a d-ideal of X satisfies

D,. O€el 1)
D. x*yelandy elimplyx el 2
D,. xelandy e Ximplyx*y el ©)]

Definition 2.4 (Jun 1999) A hyper BCK-algebra with a
binary operation o and a constant 0 satisfying the following
axioms:

(xez)o(yoz)<<(xey) 1)
(xoy)oz = (xoz)oy 2

X << yand y << X implies that:

x=y for x,yeH (3)
Table 1: Hyper d-Algebra
* 0 a b c
0 0 0 0 0
a a 0 a c
b b b 0 b
c c a c 0
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Results

Hyper d-Algebras

Definition 3.1.1. Let H be a non-empty set and o: H x

H—P(H)\{¢} be a hyperoperation. Then (H, o, 0) is called a
Hyper d-Algebra if it satisfies the following axioms:

X << X Q)

0<<x 2)
If x<<y and y<<x,then X =y for all:

x,yeH 3)

Remark 3.1.2. Let H be a Hyper d-Algebra. Then the
following properties hold.
X o'y can be written as:

xo{y} {x}e{yr{x}oy @
If  @=ABcH,thenAcB={/,, as(acb), then
A<<B means for all ae A there exists be B such that:
a<<b 2)
P(H )denotethe set of all subsetsof H (3)

For x,yeH x<<y means Oexey.

Example 3.1.3. Let H = {0,a, b} be a set. Then the
hyperoperation "o" on H is defined by Table 2.

By simple manipulation (H, o, 0) is a hyper d-Algebra.
Proposition 3.1.4. Let H be a Hyper d-Algebra. Then for
all xe Hand A, B € H. Then each of the following
conditions holds:

000 = {0} @)
A<<{0}implies A={0} (2
AcBimplies A<<B ©)
{0} = xo(x 0x) (4)

Proof 1. Let H be a Hyper d-Algebra. Then x << x,for
all xe H.
We want to show that 000 ={0} Since:

1)

If we put x = 0 in the form x << xwe get0-0={0}
Thus, 000 = {0} .

Suppose that H is a Hyper d-Algebra, for all
x,yeHand AcH.

X<<X=>0eXxoX

50

Table 2: Hyper d-Algebra

0 0 a b

0 {0} {0, a} {0, b}

a {a} {0, a} {a, b}

b {b} {0, b} {0, a, b}

We need to show that A= {0}

Let for all xeA there existy = 0 € B such that:
x<<y imply x<<y=0 weget x=0

Implies xe A. Hence A={0}.

Suppose that H is a hyper d-algebra, for all xeH and
A, BcHand AcB:

We need to showthat A<< B

For all x € A. Then there exists X € B such that x« x.
Thus A<<B.

But the converse is not true.

Suppose that H is a hyper d- algebra, for all x € H. We
need to show that {0} < (xox)ox:

0 e xox 1)
{0} = Oox(xox)ox (2)
{0} = (xox)ox ©)]

Thus, 0e(xox)ox.

Sub-Algebra of Hyper d-Algebras

Definition 4.1.1. Let (H, o, 0) be a Hyper d-Algebra and
S be a non-empty subset of H containing 0 with respect to
the hyper operation “o” which implies that xoy «S, for all
X, ¥ € S. Then S is called a hyper sub-algebra of H.

Example 4.1.2. Let H= {0,1,2,3} be a set. Then the
hyperoperation on H is defined by Table 3.

Clearly (H, o, 0) is a Hyper d-Algebra.

LetS = {0, 1, 2} bea subset of a Hyper d-Algebra (H, o, 0).

Since:

102={1,2}<<S.1eS and 2e$S (1)
202={0,2}<<S={01,2}0eS and 2¢$S )
1o1={1}<<S ={012}1eS (3)

Thus, S is a sub-algebra of a Hyper d-Algebra.

Proposition 4.1.3. Let S be a non-empty subset of a Hyper
d-Algebra (H, 0, 0) and xox «S, forallx € S. Then 0 € S.

Proof. Let S be a non-empty subset of a Hyper d-Algebra
(H,0,0) and xox «S, for all x€ S. Let x € S be arbitrary.
Then xox < S= 0 € xox € S. Therefore, 0 € S.
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Table 3: Hyper d-subalgebra

Table 4: Hyper d-IDEAL of H

0 0 1 2 3
0 70T 7017 1027 103

1 13 101} {12t M,si

2 {2} +to,2j+ {0,2} 1023}
3 {3} {1,3} {2,3} {0,1,2,3}

Theorem 4.4. Let (H, o, 0) be a Hyper d-Algebraand S =
{x € H| 0o x « {0}}. Then SisaHyper d-subalgebra of H.

Proof. Let (H, 0,0) be a hyper d-algebraand S ={x €
H|0ox <« {0}}and letx,y € S. Then x= 00 x < {0}
andy=00y « {0}

Now xoy = (0ox)o(0oy) « {0}0{0} = {0}, Imply
that xoy «< {0} = xoy K S. Thus, S is a hyper d-
subalgebra of H.

Hyper d-ldeals of Hyper d-Algebras

Definition 5.1.1. Let | be a non-empty subset of a
Hyper d-Algebra H. Then I is called a Hyper d-1deals of
H if it satisfies the following axioms:

l,.0¢l @
L. xey<<I and xel imply y el 2
I,.xel and yeH imply xoy <<, forallx,y e H 3)

Example 5.1.2. Let H = {0,a,b, c,d} be a set. Then
the hyperoperation "o" on H is defined by Table 4.

With simple calculation (H, o, 0) is a Hyper d-Algebra.

Let I= {0, a,b, c} be a subset of H. Then I is a Hyper
d-ldeal of H. Since:

l,. Ol 1)
l,.acb<<l and aelimplybel 2
I,.cel and d eHimplycod <<1 3)

Thus, | is a Hyper-d-ldeal of H.

Proposition 5.1.3. Let | be a Hyper d-Ideal of H and let A be
a subset of a Hyper d-Algebra H such that A<« . ThenAC I

Proof. Let | be a Hyper d-ldeal of H and let A be a
subset of H such that A « . Then for all a € A there exist
X € lsuchthata K x=0€aox K I.x € l imply a € I,
(Since | is a Hyper d-Ideal of H). Thus, A C I.

Example 5.1.4. Let H= {0, a, b, c} be a set. Then the
hyperoperation "o” on H is defined by Table 5.

Clearly (H,0,0) is a Hyper d-Algebra.

Let | = {0,a, b} be a non-empty subset of a Hyper
d-Algebra H. Then:

l,. Oel 1)
lL.acb={ab}<<1={0,ab}andac! imply bel (2)
I,. ael and ceHimplyaoc<<I (3)

Thus, | is a Hyper-d-ldeals of a Hyper-d-Algebra.
Lemma 5.1.5. If | is a Hyper d-ldeal of a Hyper
d-Algebra H, then 0 € I.

0 0 a b c d

0 {0+ {o0,0,a} {0,0,b} {0,0,c} {0,0,0,0,c}
a {a} {0,a,b} {0,a,b} {O,b,c} {0,0,0,b,c}
b {p} {0,0,b} {0,0,b} {O,b,c} {0,000, a}
c {c} {0,a,c} {0,c,a} {0,0,c} {0,0,0,c a}
d {d} {0,a,b} {0,b,c} {0,a b} {0, ab,c,d}
Table 5: Hyper d-Ideal

0 0 a b c

0 {0} {0, 0, a} {0, b} {0, b}
a {a} {0,0,a} {a, b} {0, b}
b {b} {0, 0, b} {0, b} {0, b}
c {c} {0, a, b} {0, a} {0, 0}

Proof. Assume | am a Hyper d-ldeal of a Hyper
d-Algebra H.

Since I £@, forall x e I, x < x, we have 0 € xox < I.
Thus, 0 € 1.

Proposition 5.1.6. Let | be a Hyper d-ldeal of a Hyper
d-AlgebraH. Ify < xandx €, theny € l.

Proof. Let | be a Hyper d-Ideal of a Hyper d-Algebra
H such thaty < xand x € I.

Sincey K x=>0€yoxCl= 0 € . (proposition 5.1.3.)

Consequently, yox« | and xe€l implyyel
Therefore, y € I.

Definition 5.1.7. Let H be a Hyper d-Algebra. Then a
hyper d-ideal | of H is called a Hyper d*-ideal of H.
x0z <« I whenever xoy < I and yoz < I, for arbitrary x,
y,Z€H.

Example 5.1.8. Let H= {0, a, b, ¢ } be a set. Then the
hyperoperation “o” on H is defined by Table 6.

Clearly (H, 0,0) is a hyper d- Algebra. Let I= {0, a, b}
be a subset of a hyper d-Algebra. Then:

aoc={0,b,a}<<1,whenever aca={0,a} <<l

) ()
andacc={0b,a}<<I

ac0={a}<<I,whenever ach={ab} <<l @)
and bec={b}<<I

aoc={0,b,a}<<1,whenever aca={0,a}<<I 3)
and arc=}0,b,a} <<

aocb={a,b}<<1,whenever acc={0b,a} << o)

and cob={0,a}<<I

Thus, I is a hyper d* — ideal of H.

Definition 5.1.9. Let | be a Hyper d*-Ideal of a Hyper
d-Algebra H satisfies xoy « I and yox «KI imply
(x0z)o(yoz) « I and (zox)o(zoy) « |, for all x, y € H. Then
I is called a Hyper d*-ldeal of H.

Example 5.1.10. Let H = {0, 1, 2, 3, 4} be a set. Then the
hyperoperation "o on H is defined by Table 7.

Clearly (H, 0,0) is a Hyper d-Algebra.
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Table 6: Hyper d*-ideal

0 0 a b c

0 {0} {0, a} {0, b} {0,0,a}
a {a} {0, a} {a, b} {0, b, a}
b {b} {0, b} {0, b} {0,0,b}
c {c} {0, a} {0, a} {0, a, c}
Table 7: Hyper d*-ideal

0 0 1 2 3 4

0 {0} {0,0, 1} {0, 2} {0,23y {0,0,0}
1 {1} {0,0, 1} {1, 2} {0,0} {0,0,1}
2 {2} {0, 1,2} {0, 2} {1, 2} {0,0, 2}
3 {3} {0,1,2} {0, 1} {0,1} {0,0,2}
4 {4} {0,0, 2} {0, 1} {0, 1} {0,1, 2}

Let 1= {0,1,2,3} be a subset of a Hyper d- Algebra.

Since, Ool= {0,1} < I and 100= {0,1} < I imply
(002)0(102) = {0,1,2} « I ={0,1,2,3} and
(200)0(201) « I ={0,1,2} « I ={0,1,2,3} and 304 =
{0,2} « I and 403= {0,1} < I imply (303)0(403) =
{0,1} « I ={0,1,2,3} and (303)0(304) K I =
{0,1,2} « I ={0,1,2,3}. Thus, | is a Hyper d*-ldeal of H.

Discussion

The introduction of hyper BCK-algebra (1999) lead to
the development of different hyper algebraic structures.
With the motivation of these results, we investigate the
new concepts of Hyper d-Algebra, Hyper d-Ideals, Hyper
d*-Algebra with different properties mentioned in the
main result above. In general in this research work we
used the methods of direct proof method, indirect proof
and proof by contradiction methods.

Conclusion

In this research paper the new concept of Hyper d-
Algebra with different characterizations are discussed.
This idea can be extended to other algebraic structures by
including different properties with application.
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